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Two Skyrmion dynamics with w mesons

R. D. Amado, M. A Halasz, and P. Protopapas
Department of Physics and Astronomy, University of Pennsylvania, Philadelphia, Pennsylvania 19104
(Received 23 September 1999; published 7 March 2000

We present our first results of numerical simulations of two Skyrmion dynamics using-raeson-
stabilized effective Lagrangian. We consider Skyrmion-Skyrmion scattering with a fixed initial velocity of
B=0.5, for various impact parameters and groomings. The physical picture that emerges is surprisingly rich,
while consistent with previous results and general conservation laws. We find meson radiation, Skyrmion
scattering out of the scattering plane, orbiting, and capture to bound states.

PACS numbs(s): 12.39.Dc, 11.10.Lm, 13.75.Cs

[. INTRODUCTION QCD is low-energy annihilation. This is a problem ideally
suited to the Skyrme approach. We have already shown that
In the largeN¢ or classical limit of QCD, nucleons may a general picture of post-annihilation dynamics including
be identified as classical solitons of the scalar-isovectobranching ratios can be obtained from the Skyrme approach
SU(N;) pion field. The simplest theory that manifests these/5]. The nucleon-antinucleon potential can be as 8|l
solitons is the nonlinear sigma model. However, the solitondVhat remains is a full modeling of annihilation from start to
of this theory are not stable against collapse. The first atfinish. The only attempts we know of to do that in the
tempt to provide a stable theory was by Skyr@ieng before  Skyrme model had numerical problems associated with the
QCD) [1] who introduced a fourth-order term. This term Skyrme tern{7,3]. We propose to study Skyrmion dynamics
does indeed lead to stabilized solitons that are called Skymnsing « stabilization, thus avoiding the usual numerical
mions, and there is a vast body of work on their propertieproblems. As a prelude to studying annihilation, we have
and on how to quantize thefi2]. Unfortunately the fourth studied scattering in the baryon number 2 system. It is that
order term introduces numerical instabilities that make comwork we report here.
plex dynamical calculations nearly impossilp&. It is pos- Skyrmion-Skyrmion scattering has been studied numeri-
sible to stabilize the nonlinear sigma model without thecally in the original Skyrme moddi8—10] in 3+1 dimen-
fourth order term, or Skyrme term as it is called, by couplingsions and, in more detail, for baby Skyrmiotis 2+1 di-
the baryon current to the meson field[2]. This not only = mensiong [11]. To our knowledge, the present work is the
provides stability, but does so in the context of more reasonfirst study concerningy-stabilized Skyrmion dynamics.
able physics. It is also possible to stabilize the solitons by In the Skyrme model the three components of the pion
introducing ap meson field, with a gauge coupling, or with field, 7,,m,,73, can be aligned with the spatial directions
both thew andp, but thep adds a great deal to the numerical x,y,z, providing a correspondence between the two spaces.
complications. Hence in this first, exploratory work, we sta-This simple alignment is called a hedgehog. A rotation of the
bilize with thew only. We continue to refer to the solitons as pion field with respect to space is called a grooming. The
Skyrmions. energy of a single free Skyrmion is independent of groom-
The Skyrme approach, either in its fourth order oring, but the interaction between two Skyrmions depends
w-stabilized form, has much to recommend it as a model oftritically, as we shall see, on their relative grooming. In this
low energy strong interaction physics. This low-energy orpaper we present the results of calculations of Skyrmion-
long-wavelength domain is notoriously difficult to describe Skyrmion scatteringwith » meson stabilizationat medium
in the context of standard QCD. The Skyrme approach inenergy for a variety of impact parameters and groomings.
cludes chiral symmetry, baryoitand therefore also antibary- We find rich structure. Some of the channels have simple
ons, pions, the one pion exchange potential, and, with quanscattering, but some display radiation, scattering out of the
tization, nucleons and deltas. The idea of having nucleonscattering plane, orbiting, and ultimately capture to a bound
arise naturally from an effective theory of pions and vectorB=2 state. These calculations are numerically complex and
mesons is especially attractive as a path from QCD to suchequire considerable computational resources and computing
effective Lagrangians is better understood. time, but they are numerically stable. We know of no other
It has been shown that the Skyrme model can give a goodalculations oB=2 Skyrmion scattering that show the phe-
account, with very few parameters, of the low-energy prop-nomena we find. Furthermore, our success here bodes well
erties of nucleon$2]. In the baryon number 2 system, the for extending the method to annihilation.
Skyrme approach can describe the principal features of the In the next section we briefly review the model we use,
nucleon-nucleon static potentigl]. Most of these problems presenting both the Lagrangian for thestabilized nonlinear
have also been successfully studied in more traditionatsigma model and our equations of motion. In Sec. Il we
nuclear physics forms. discuss our numerical strategies and methods. Section IV
One problem that has not yielded easily to traditionalpresents our results, mostly in graphical form, and Sec. V
physics approaches and is out of the reach of standard lattickeals with conclusions and outlook. The reader interested
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only in results can go directly to Secs. IV and V. work, we employ the parametrization &fthat follows from

Eq. (2). We will use and 7 and their time derivatives,
as dynamical variables. This implements only in part the
principle mentioned above, since the unit vectois subject

to conditions similar to the four-dimensional vectab ().
However, one has better geometrical intuition for the former.

The connection to®, V) is straightforward via Eq(5). The

IIl. FORMALISM
A. Model
Our starting point is the nonlinear model Lagrangian

1 1
_T g2 w2 £2 _ -
Lo 4f”tr((9“uﬁ u )+2m”f”tr(u b, @ Lagrangian in terms ofr, 7 is
where the S(R) field I/ is parametrized by the three real L=Lo+ Lig+ Ly,
pion fields {m}y_1 3=
- - - - 1 _ a~a
U=exdi (7 7)]=cosm+i sinm(7- ). (2) Lo= 5120, mo  m+sicbmd, - otm)

Here,{rk}k=1_3=; are the Pauli matriceén flavor spacg
We identify the baryon current with

+m2f2(cosm—1),

(6
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The full Lagrangian also contains the freeand the interac-
tion part:

L,= 5

- E&Mwy(ﬁ“w”— "w*)+ mfecwﬂw“.

1
0, ("= o)+ 5 mza)#w”.
4

We takef =62 MeV following [12] andg=m/2f , from
vector meson dominand®MD) wherem=770 MeV is the
vector meson mass. This gives a Skyrmion mass of 79
MeV.

3 . 1
L=L,+ ngﬂB —§(7M . .
C. Equations of motion

We wish to obtain the Euler-Lagrange equations#ofr.

The problem is thatr is a unit vectorr- =1, so its com-
onents cannot be treated as true coordinates. One may still
rite down the Euler-Lagrange equations, by considering the

action

B. Choice of dynamical variables 3 A
iy o o S= | dXdtL(m(X,1), m(X,1),0,(X,1);d,m(X,1),
The traditional approach to numerical simulations involv-

ing Skyrmions uses the Cartesian decomposition of the uni-

tary matrixif: 3, m(X1),d,04,(X1)).

0
The Lagrange equation far is obtained by requiring the®
be stationary with respect to a small variatiétr(x,t) and
the corresponding variation&(d,m)=4d,(ém). The varia-
tion of S which has to vanish for anym, is

U=Dl,+T 7, d=cosm, ¥=msinm. (5)

The quadruplet of real number@(\ff) is constrained by the
unitarity conditionZ4/ "= IZHCD2+\I7-\I7= 1, also known as
the chiral condition. The Lagrangian is usually written in

terms of @, ¥) and the chiral condition is imposed using a
Lagrange multiplier field. The four coordinatesiéfire simi-
lar to the Cartesian coordinates of a pointRfi confined to
the surface of a hypersphere of unit radius.

An attractive idea is to use an approach which ensures

naturally the unitarity of/ at all times. Such a method is
used successfully in lattice QCD in the context of the hybrid
Monte Carlo algorithn{13]. There, the dynamical variables

5s=f d3xdt géw#—
am d(d,)

3 L
ZJ' d°xdt ﬁ_&“

5((9M7T))

o

o
aL

A(d,m) ®)

Therefore the quantity in curly brackets in the last equality of

Eqg. (8) has to be identically zero, sincér is completely

arbitrary. Of course this leads exactly to the usual form of the
Euler-Lagrange equations. We may repeat formally the same

steps forzr, leading to
] 5.

are !/ itself and the Hermitian matrig2/T. In the present

To avoid confusion, throughout this paper we reserve the plain
letter v for the pion field, and use the symbel=3.14%5 ... for
the mathematical constant. -

aL

5S= J d3xdt[
9

aL

Ao ©

—,\—(9#
o
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Here, partial differentiation with respect to the vectoor its
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the “poles” of the hypersphere due to the large discretiza-

derivatives gives the vector obtained by differentiating withtion errors involved.

respect to the corresponding componentsradr its deriva-
tives. If we wantsS to vanish for anyé%, we donotneed to

require that the quantity in curly brackets vanish identically.

This is becaus@ is not completely arbitrary. Bothr and

' =+ 8 have to be unit vectors. The variation of 7
must vanish:

0=8(m7-7)=2 &m- . (10)

In other words,d7(x,t).L 7(x,t) for any (x,t). Therefore,
the necessary condition for the stationaritySis simply

L L “
——J (|77
am

9(d,)

11

w

The above statement is easily turned into an equation by

subtracting the projection of the left hand side onto

oL oL ~ | oL aL
—A—é’lu — = | (T —,\—ﬁﬂ —F—| ¢ =0.
o d(d,m) am d(d,,m)
(12
The Euler-Lagrange equations we obtain finally are
1 - - 9 .
ﬁ,ﬂv’ﬂ:ESIn 2md - 9 —me sinm
3g va i - . -
+ 8212 e* Slnzﬂﬂﬂwy[w~((9a77>< dgm) ],
WA A MA 2 cosm L
dotm=m(m-d,0"mT)— snm d,mitm
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4m?f2
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d,0"wt=— mfecw“— — "B sirt
872

X[ (dumX dgm)].

I1Il. COMPUTATION

Our calculation is based on the equations of motit®),
using (r, 7w, ;7,m,w,) as variables. This choice leads to

One way out is to rotate the coordinate system in3U
S0 as to avoid the problem regions. We introduce a new field
V obtained by rotation with a fixe ;e SU(2):
U=UyV, V=expir o), Ug=expir-0). (14
Substituting Eqg.(14) into our Lagrangian(1),(4), we find
that only the pion mass term is modified since everywhere
elsel/ is combined withi/" or its derivatives, sdJ, drops
out. The equations of motion can then be derived in an iden-
tical fashion to Eq(13). We cite them here for the sake of
completeness:

1
— T q - - 2 ;
&ﬁ”o—zsm 2mwd, o d*o—m;[cosO sino

+(~c})sin® cosa ]

39

+
gm2f2

" P SiPad,w,[ 0 (9,0Xdg0)],

ko

un_ p 2 coso
dto=o(o-d,0"0)— Sno

d,oda

39
4m*fs

eﬂmﬂéﬂw,ﬂao( &B(}X o)

~m2[O-o(0-0)]sind sina, (15)

39
d,0" wH=— mfecw"‘— — "B sirtod, o
872

X[ (9a0X d0)].

In our calculation, we first rotate the field to be updated,
together with the surrounding fields, so that the correspond-

ing (o,0) is comfortably away from the coordinate singu-
larities. Then we apply the discretized equations of motion
(see belowderived from Eqgs(15) and finally we rotate back
the updated fields. We stress that switching to rotated fields
and Eqgs(15) amounts to a mere changing of the coordinate
system. The content of the equations is identical irrespective
of the coordinate system. The difference is in the discretiza-
tion which in the vicinity of the “poles” leads to large errors

which are avoided in the rotated frame. The choicéofs

largely arbitrary. For simplicity we choose it so that is
always on the “equator” of the S(2) hypersphere.

two problems which have to be tackled by our discretization The second important numerical issue follows from

scheme. First, we have a coordinate singularityrat0 and
= . Here, is not defined. The situation is similar to that

of angles in polar coordinates when the radius vanishes

While the equations of motion are correct for any nonzero

in the vicinity of the coordinate singularity small changes of

 are translated into very large variations of A scheme
based on the equations of moti¢h3) breaks down around

the unit vector natufeof 7, 7-w=21. This and the corre-
ponding constraints om and , namely, 7- 7=0, - 7

2We will continue to user when referring to the pion field, even
though we perform our updates using the rotated pion fields
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+ - w=0, are consistent with the equations of motion butSeénted below—those not involving complicated physical

are violated by the discretized equations. Therefore the?!tuations—have been in fact performed with this earlier ver-

need to be imposed by projecting out the spurious compgsion Of our code. When pushed beyond 25dnm time (a
few thousand time stepsthese calculations typically de-

ngn_ts of m "’,“,qd 7 at every s_tep in. th(_a updatg. There arevelop instabilities which build up fast to destructive levels.
similar conditions for the spatial derivatives, which also haveBy contrast, the feedback calculations ran without exception
to be taken into account. This is of course a rather technicadp to 5000 time steps or more without becoming unstable.
point, but it is a reminder of the fact that our approach doesrys is achieved without adding an explicit numerical viscos-
not completely conform to the idea of using a minimal set Ofity term to our equations.

coordinates. That would be achieved, for instance, by trading” The calculation based on the algorithm described above
7, which describes a direction in three dimensions, for thewas implemented on a three-dimensional grid of points. The
two angles that define that direction. That would have introphysical size of the box used for the calculations shown in
duced another set of coordinate singularities to be avoidedhis paper was 1810x10 Fm. We take advantage of the
The opposite strategy would be to apply the same considefourfold spatial symmetry of the problef®,10]; therefore
ations we followed fora in deriving the Euler-Lagrange ©UY' mesh covers only one quadrant of the physical box. We

- : : : : sed a fixed lattice spacing of 0.1 fm; therefore our lattice
equations and imposing the unit length constraint, to th as 91X 101x51 regular points. In addition to these, we have

four-dimensional unit vector®,¥). That also remains an 5 |ayer of unequally spaced points on each outside wall of
open possibility, along with using unitary and Hermitian ma-ine pox simulating an absorbing boundary. Thus our full
trices as dynamical variables and, of course, the traditionghesh has 10%121x61 points. An indication of the better
path employing Lagrange multipliers. We have not found itintrinsic stability of the model Lagrangian employed here is
necessary to employ any of these notions at this time. Ifhe fact that our calculations are fairly stable out to 50dm/
addition to the fact that it leads to a reasonably stable calcun time with time steps of 0.1-0.4 fro/ corresponding to a
lation, our choice of variables has the advantage of fairlycFL ratio of 0.1-0.4. This is larger than in the early works
simple equations of motion. The decompositionmointo its  of Verbaarschoet al. [8] (0.05 and of the Caltech grouj®]
length and unit vector follows quite naturally, and leads to(0.075-0.018 and comparable to the more recent calcula-
great simplification in the much more complicated case ofions of[10], which employ fourth-order spatial differences,
including a vector-isovectgs meson field. in contrast with our second-order spatial difference scheme.
The main idea of our numerical scheme is the following.In the absence of radiation, the total energy is conserved to
The discretized time evolution for the fields themselves iswithin 3% for typically 20 fm. As a result of the emission of
quite straightforward, given the knowledge of their time de-radiation which eventually leaves the box, it is harder to
rivatives or “velocities.” The evolution of the velocities is assess the degree of energy conservation for those processes
the core of our procedure. The velocities are assigned twhich involve (quasjbound states and have to be followed
half-integer time steps. Thus, one time slice contains thdéor a longer time. We can estimate the amount of energy
fields at a given time and the velocities half a time stepbeing radiated by calculating the energy contained in a
earlier. The time evolution of the velocities follows from sphere of given radiu® fm) around the origin, large enough
solving the equations of motion for the second time derivato contain most of the field. The radiated energy first leaves
tives. The latter are written in terms of the retarded velocitythis sphere and then the box. Excluding loss through radia-
[at time ¢ —At/2)] and the one att@- At/2). The rest of the tion identified in this manner, the total energy is conserved to
equations of motion contain the local fields and their spatialvithin 4% in all the calculations presented below, including
derivatives(all defined at timet), but they also contain the the long runs (40—60 fng) involving bound states. A check
velocities as it is evident from E@15). We approximate the for consistency is to reverse the arrow of time at some point
velocities att by the average of their values at#{At/2). in the calculation, which should lead back close to the initial
This leads to an implicit equation for the updated velocities state. We performed this check successfully on one case with
We solve the implicit equation iteratively to cubic order in nontrivial dynamics but little radiation.
At which exceeds the order of accuracy in which it was We construct the initial state by first numerically solving
derived. Finally, the new velocities are used to update th¢he field equations in the spherically symmetric ansatz. This
fields. gives us the radial functions for the spherically symmetric
Use of a flux-conservative form for the equations of mo-static Skyrmionthedgehoy We then place a boosted hedge-
tion might have led to improved accuracy. However, thishog configuration in the simulation box. The Skyrmion is
way we can use the known conservation laws, in particularboosted towards its mirror image implemented via the
energy and baryon number conservation, as a check for tHeoundary conditions at the symmetry walls of the box, which
accuracy of our simulations. The long-term stability of the corresponds only to one quadrant of the physical region be-
calculation is largely improved by the feedback mechanisning simulated. One can dial all the relative groomings dis-
built into our implicit scheme. Calculations performed usingcussed below as well as the corresponding Skyrmion—anti-
an explicit scheme involving a second time slice shifted withSkyrmion configurations by simply choosing the appropriate
one half time step give virtually identical results as far as thesigns in the boundary conditions for the various field com-
time evolution of the fields and energy and baryon numbeponents[14]. The problem of the overlap of the tails of the
conservation are concerned. Part of the calculations préwo Skyrmions in the initial state is not easy to solve. In-
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FIG. 1. Contour plots of the energy density in tkg plane for scattering in the repulsive channel with zero impact parameter. The
spacing between the contours is 100 MeVifnThe first contour is at the 5 MeV/ffirlevel. Note that the frames are not evenly spaced in
time. Here and in all contour plots, theaxis points to the right and theaxis points upwards, unless explicitly specified otherwise. The
length of both axes is measured in fermi.

stead, we chose the initial configuration with a large separa- IV. RESULTS

tion (9 fm) between the two centers, so that the overlap be-

comes truly negligible. For Skyrmion-Skyrmion scattering with a finite impact
Our calculations have been performed on clusters of 6—1parameter, there are four relative groomings that are distinct.

IBM SP-2 computers. Depending on the number of procesThe first is no grooming at all. This is the hedgehog-

sors and the time step, one 20 findalculation takes half a hedgehog channel. The second grooming we consider is a

day to 2 days to complete. relative rotation ofr about an axis perpendicular to the scat-

i i i 4 4
ATR1 ATR1 ATRI

4 I v=05¢ 3
v=05¢ v=0.5¢ 0=0.0 fm
b=0.0 fm | | b=0.0fm 1 ‘ 1l

t=6.0 fm/c
L 1 1 L L L 1 1 L ] L ]
ATR1 7 7]
v=0.5¢ 4
b=0.0 fm

t=8.96 fm/c 1=9.48 fm/c

FIG. 2. Contour plots of the energy density in the plane for scattering in the attractiv&) channel with zero impact parameter. The
spacing between the contours is 100 MeVdfnThe first contour is at the 5 MeV/ffirlevel. Note that the frames are not evenly spaced in
time.
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FIG. 3. Contour plots of the energy density in thyge plane for scattering in the attractiy&) channel with zero impact parameter. These
are the same plots as frames 2—6 of Fig. 2, at titre®.56, 8.08, 8.44, 8.96, 9.48 f/ The spacing between the contours is 50 MeV¥/fm
The first contour is at the 100 MeV/fievel. The distances are measured in fm.

tering plane(the plane formed by the incident direction and along. The collision is practically elastic. We were unable to
the impact parameterThe third is a relative grooming by~ detect any energy loss through radiation and the velocities of
about the direction of motion. For zero impact parameter thighe topological centers before and after collision are practi-
channel is known to be repulsiy&4]. The fourth grooming cally the same.

consists of a relative rotation by about the direction of the For the hedgehog-hedgehog channel we again find back-
impact parameter. In the limit of zero impact parameter thevard scattering with an evolution very similar to that shown
second and fourth groomings become equivalent; they them Fig. 1; hence we show no figure.

correspond to a rotation of about an axis normal to the In the attractive channefrotation by 7 normal to the
incident direction. In this zero impact parameter case, thigncident direction the Skyrmions scatter at 90° along an axis
channel is known to be attractiy&4]. All of our scattering perpendicular to the plane formed by the incident direction
studies are done at a relative velocity®® v/c=0.5, which ~ and the grooming axis. This right angle scattering is well
corresponds to a center-of-mass kinetic energy of 230 MeVknown [15]. It proceeds through the axially symmetri

In order to keep our study relatively small, we have not=2 configuration[16]. The Skyrmions lose their individual
studied the effect of varying the incident energy. As the mairidentity in this process.

means of presentation we chose energy density contour plots. In Fig. 2 we show the energy contours for head-on colli-
The baryon density plots are very similar to the energy dension in the attractive channel. At the midpoint of this pro-
sity plots. cess, shown in the fourth frame of Fig. 2, one can clearly see
the torus-shaped configuration. It is situated in the plane de-
fined by the incoming and outgoing directions and perpen-
dicular to the grooming axis. The bulk of the energy density

Let us begin, for simplicity, with the case of zero impact avoids the center of the doughnut as it shifts from the incom-
parameter. For the hedgehog-hedgelibigd) channel and
the repulsive channétotation by about the incident direc- — T T T T T
tion) symmetry dictates that the scattering can only be ex- ]
actly forward (the Skyrmions passing through one another ¢ ATRI o
or exactly backwardthe Skyrmions bouncing back off each [ b=0.0 fm S
othep. We find that in fact the scattering is backward in both i
the HH and the repulsive channels.

We illustrate this type of scattering in Fig. 1 with contour
plots of the energy density in they plané for the repulsive
channel. Unless otherwise specified we keep the same choic
for the energy contour levels for all similar plots that will
follow, namely, the first contour at 5 MeV/finand the oth-
ers equally spaced at 100 MeV/AmThe head-on scattering
in the repulsive channel has nothing surprising. The proces:
is reminiscent of two tennis balls bouncing off each other.
The Skyrmions start compressing as soon as they touch
They slow down, compress, and stop, and then expand an
move off in the direction opposite to the one they came in

A. Head-on collisions

(fm]

Coordinate

-2

-4

3Throughout the paper we adopt the following convention. The Time [tm/c]
direction of the initial motion isx, the impact parameter—if
nonzero—points in the direction, andz is the direction perpen- FIG. 4. Time evolution of the three coordinates of the topologi-
dicular to the(initial) plane of motionxy. For zero impact param- cal center of one of the Skyrmions, for the head-on collision in the
eter the choice of andz is of course arbitrary. attractive(1) grooming.
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05 HH trajectories T
ok v=0.5¢ ]
b=0.0 fm, 0.4 fm, 0.8 fm, 1.6 fm, 2.8 fm
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FIG. 5. Paths of the topological centers of one of the colliding Skyrmions imyt@ane in the hedgehog-hedgehog grooming case.
The x axis points to the right and theaxis points upwards. The length of both axes is measured in fermi.

ing direction to the one perpendicular to it. To illustrate this B. Simple scattering: The hedgehog-hedgehog
point better we plot the middle frames of Fig. 2 in perspec- and attractive (1) channels
tive in Fig. 3. We begin with two groomings that lead to simple dynam-

In Fig. 4 we plot the coordinates of the center of onejcs Consider first the hedgehog-hedgehog channel. In Fig. 5
Skyrmion (defined as the point where the pion field ampli-\ye pjot the trajectories of the topological center of one of the
tude is exactlyr) versus time. The only nonzero coordinate Skyrmions for zero impact parameter and for each of the four
is x, initially. Then, after the right-angle scatteringjs the  nonzero impact parameters. Here and in the other similar
only nonzero coordinate. Straight lines indicate uniform mo-plots, we define the center as the point where the norm of the
tion. That is the case both before and after the collision. Th?ﬂon field reaches the value b-f_;-| =q4r. This is a good indi-
slope of they line is noticeably smaller than that of thdine  cator of the global movement of a Skyrmion, especially
before collision; in other words, the outgoing velocity is when the two colliding objects are somewhat separaiat.
slightly smaller. This is due to a genuine physical processgut off the trajectories in Fig. 5 aftar=17 fm/c. We see
radiation, rather than to a numerical artifact, because there isormal scattering trajectories corresponding to a repulsive
no decrease in the total energy of the system. In some of thiateraction. This channel is indeed known to be mildly repul-
processes we discuss below, there are stronger examplessife. For the smallest impact parametex; 0.4 fm, the scat-
slowing down, accompanied by detectable radiation. tering is in the backward directiofrecall that forb=0 the

As we have seen above, the scattering direction is detescattering angle is 18Dand gradually turns forward for in-
mined by the incident direction and the grooming direction.creasing impact parameter. This is exactly what one might
When the grooming direction is normal to the incident direc-expect, since this channel is the most similar to point-particle
tion, a torus is formed in the plane normal to the groomingscattering. The interaction between the Skyrmions is central
direction. In the presence of a nonzero impact parameter, it the HH channel, because it is independent of the direction
matters whether the grooming direction is parallel or normaPf the relative position vectors of the topological centers.
to that impact parameter. In both cases there is a tendency to 1h€ large-angle scattering for small impact parameters
the formation of a torus normal to the grooming direction, Probes the interaction of the soft core of the Skyrmions. We
but the ultimate evolution of the scattering is different in thelllustrate this in Fig. 6 with energy contour plots from the

two cases. We will refer to the case where the grooming i©=0-4 fm case. Just like in the head-on case, the Skyrmions
normal to the impact parameter as attractigg and attrac-  COMPress as they touch. They slow down and then accelerate
tive (2) when they are parallel. and proceed in the outgoing direction. Internal oscillations of

Let us now look at scattering in each grooming as a funcihe Skyrmiong8] can be observed after the collision; there-

tion of impact parameter. In each of the four cases we stud{Pre this process is not entirely elastic. o
impact parameters of 0.4 fm, 0.8 fm, 1.6 fm, and 2.8 fm. In The other channel that exhibits only simple scattering is

all cases we find that the scattering at 2.8 fm is “routine” the attractive(1) grooming—where the grooming direction is
and hence we do not go to a larger impact parameter. ~ Perpendicular to the plane of motion.

“We remind the reader that we plot level contours of the total °The topological center does not necessarily coincide with the
energy density in the median plane of our three-dimensional syscenter of mass. While the latter is insensitive to internal oscillations
tem, as opposed to three-dimensional surfaces of constant energpf the Skyrmion, the topological center oscillates.

074022-7



R. D. AMADO, M. A. HALASZ, AND P. PROTOPAPAS PHYSICAL REVIEW B1 074022

HH 181 PHH AHH 1 4

v=0.5¢ Jv=05¢ Av=05c v=05c 1 3
b=0.4 fm b=0.4 fm b=0.4 fm b=0.4 fm

- : - 4 2

- - - 41

- . . 4 0

4 4 g 4 -1

- - 4 4 -2

t=6.0 fm/c ] 1=7.04 fm/c | t=8.08 fm/c | t=9.12fmc | 3

L 1 1 1 1 1 1 1 1 ] L 1 1 1 1 1 1 1 1 ] 1 1 1 L 1 L 1 1 1 ] 1 1 1 1 L 1 1 1 1 ] -4

4 4

4 3

4 2

=4 1

40

4 4

4 -2

4 -3

t=15.36 fm/c
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ] >4

4 3 2 1 0 1 2 3 4 4 3 21 0 1 2 3 4 4 3 241 01 2 3 4 4 3 2 1 0 1 2 3 4

FIG. 6. Contour plots of the energy density in thkg plane for scattering in the hedgehog-hedgehog channel with impact pardmeter
=0.4 fm. The spacing between the contours is 100 MeV/frfihe first contour is at the 5 MeV/finlevel. The length of both axes is
measured in fermi. Note that the frames are not evenly spaced in time.

We have studied the same five impact parameters here. In Again we illustrate one scattering process in more detail.
Fig. 7 we show the trajectory of the Skyrmion centers forin Fig. 8 we plot energy contours for the=0.8 fm scatter-
each of those impact parameters. Ber0 and this groom- ing. The most important feature is the existence in the third
ing, the scattering angle is 90°. For large impact parameterand fourth frames of a configuration reminiscent of the
the scattering is nearly forward. Hence, in between, weloughnut-shaped intermediate state identified in fike0
should see something in between, which is precisely whatase for this groomingFigs. 2 and 3 We are farther away
the figure shows. Note that in this channel, in contrast to thérom axial symmetry than in Fig. 2, but the relatively large
HH channel, the trajectories begin their scattering by curvingroid in the middle is clearly identifiable. It is important to
toward the scattering center, as one would expect for an apoint out that even at this mutual distance of 0.8 fm, the
tractive channel. The attraction is seen to act practically unattractive interaction is strong enough to start forming the
perturbed in the scattering with=2.8 fm. B=2 configuration. In the present case it is ripped apart by

1 T T T T T

ATR1 trajectories
0F v=05¢
b=0.0 fm, 0.4 fm, 0.8 fm, 1.6 fm, 2.8 fm

Y coordinate

-4 1 1 1 1 1

0
X coordinate

FIG. 7. Paths of the topological centers of one of the colliding Skyrmions in the attractive case with grooming around the direction
perpendicular to the plane of initial movement. Thaxis points to the right and the axis points upwards. The length of both axes is
measured in fermi.
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- - - 4 2
1=6 fmic 1=7.04 fmic ] 1=8.08 fmic | to.12fmie ]
L 1 1 1 1 L 1 1 1 ] L 1 1 1 1 L 1 1 1 ] 1 1 1 L 1 1 1 1 L ] 1 L 1 1 1 1 1 1 1 ] 4
ATR1 ATRT 1 4
v=05¢ v=05¢ 3
b=0.8 fm b=0.8 fm
- 4 2
- 41
- 40
- 4 4
- 4 2
t=13.28 fm/c 1 t=16.40 fmsc 1 3
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FIG. 8. Contour plots of the energy density in tRg plane for scattering in the attractiy@) channel with impact parametdr
=0.8 fm. The spacing between the contours is 100 MeV/frfihe first contour is at the 5 MeV/fievel. The length of both axes is
measured in fermi. Note that the frames are not evenly spaced in time.

momentum. As we shall see that is not always the case in alomplex. Let us first consider grooming about the incident
groomings. Another feature to mention is the presence oflirection, referred to as the repulsive channel. For the
internal oscillations. They can be clearly seen in the last fewsmaller impact parametebs=0.4 fm andb=0.8 fm, we find
frames of Fig. 8, deforming the outgoing Skyrmions. In thea remarkable type of trajectory. The scattering begins as re-
case of theb=1.6 fm trajectory, where the attraction is too Pulsive as we see in Fig. 9, but as the Skyrmions pass one
weak to lead to 8= 2 configuration, the topological centers another, they find themselves groomed by a rotationrof
are attracted toward each other but then they bounce ba@Pout an axis normal to the line joining them. This is the
and oscillate transversally. most attractive configuration. Hence as they pass one another
they begin to attract. The two Skyrmions now, feeling this
attraction, couple and begin to orbit. In order to make the
motion clearer in Fig. 9, we have decreased the spatial scale

For the remaining two groomings, where the groomingof our plot and increased the length of time shown on the
direction is in the scattering plane, the dynamics is moreorbiting trajectories, which are cut off at 28.0 fon/

C. Orbiting, capture, and radiation: The repulsive channel

1 T T T T T
REP trajectories
0.5 - E
v=0.5¢
b=0.0 fm, 0.4 fm, 0.8 fm, 1.6 fm, 2.8 fm
0 i
L
©
£
©
5 -05 -
1<)
[&]
N w
Ak 4
1.5 E
) 1 1 1 1 |
-3 -2 -1 0 1 2 3

X coordinate

FIG. 9. Paths of the topological centers of one of the colliding Skyrmions in the repulsive caseaXisepoints to the right and the
axis points upwards. The length of both axes is measured in fermi.
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REP T REP 7] REP T REP
v=05¢ | v=05¢ | v=05¢ | v=05¢

o = N W b

FIG. 10. Contour plots of the energy density in theplane for scattering in the repulsive channel with impact paranbet€).8 fm. The
spacing between the contours is 100 Me\ifrThe first contour is at the 5 MeV/fievel so that the low-amplitude waves corresponding
to outgoing radiation can be observed. The length on both axes is measured in fermi. Note that the frames are not evenly spaced in time.

In Fig. 10 we show energy density contour plots for shapedB=2 bound state. These snhapshots correspond to
=0.8 fm to illustrate our point. Notice that the plots cover asituations when the doughnut is aligned with §z plane.
longer time period than in the previous cases. As the SkyrThe doughnut is strongly deformed, with the two Skyrmions
mions orbit, they radiate. This radiation carries off energyclearly distinguishable. This deformation is only slightly al-
and the Skyrmions couple more strongly. The radiation andeviated during the 20 fn@/ (and a full 360° rotatioh be-
coupling last for a long time. The first energy level we plot istween the first and last frames in Fig. 12.

5 MeV/fm®, comparable to the amplitude of the radiation. The appearance of tH&=2 bound state is even clearer in
The first burst of radiation can be seen in the second anthe b=0.4 fm case. They plane energy contours are very
third frames of Fig. 10. It appears to consist of the spinning

off of a region of high local energy density. A later burst is 1 — T 1
seen in the last frame. These bursts accompany the orbitini I
movement of the now bound Skyrmions. - REP

The radiation takes away some of the angular momenturr b=0.8 fm

and a significant part of the energy. The total energy radiatec
is greater than the incident kinetic energy; hence the two are
now in a bound state. Thus for this choice of parameters—
(b=0.8 fm, v=0.5¢c, repulsive groomingwe have the phe-
nomena of orbiting, radiation, and capture. We assume tha
this B=2 system will eventually find its way to axial-
symmetric torus shaped bound state at rest. To reach th
state they will have to radiate more energy and the remainin
angular momentum. We have followed the orbiting for a
time of more than 60 frd. We observed continued orbiting
with slowly decreasing amplitude, as shown in Fig. 11, and
continuous energy loss through burst radiation. We are no
able, numerically, to follow the state to the very end.

We now have a bounB=2 configuration, and therefore
should expect the appearance of a torus. The grooming ir -1 T

. ) . ; 0 20 40 60
this case is about theaxis. The torus should now appear in Time [fm/c]
theyz plane, and should rotate about thexis to carry the
initial angular momentum. Energy contours in the plane FIG. 11. Time evolution of the three coordinates of the topo-
corresponding to three frames from Fig. 10 are shown in Figlogical center of one of the two Skyrmions. They indicate orbiting
12. We recognize the familiar pattern of the doughnut-motion in thexy plane with slow damping.

[fm

Coordinate

[{a B
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REP (yz plane} Y REP (yz plane) i Y REP (yz plane) 4 s
v=0.5¢ v=0.5¢ v=0.5¢

b=0.8 fm b=0.8 fm b=0.8 fm

t=11.02fm/c{ -2 t=22.02fm/c{ -2 t=33.02fmic{ -2

-2 -1 0 1 2 -2 -1 [ 1 2 -2 -1 0 1 2

FIG. 12. Contour plots of the energy density in treplane for scattering in the repulsive channel with impact paranhetd).8 fm. The
spacing between the contours is 20 MeVfnThe first contour is at the 100 MeV/fm The length of both axes is measured in fermi. Note
that the plots are slightly tilted to indicate the height of the contour lines.

similar to those in theb=0.8 fm process. There is again angular momentum will be radiated away.
quite some radiation early on, as illustrated in Fig. 13. As In the b=1.6 fm case the Skyrmions first feel some re-
can be seen from the trajectories in Fig. 9, the attraction igulsion, which turns to attraction as they pass. This results in
strong in this cas€éonce the Skyrmions are past the initial small persistent transverse oscillations. Ber2.8 fm there
repulsion, and the topological centers come very close. is only a very small attractive interaction.

Theyz plane contour plot in Fig. 14, showing the dough-
nut just after its formation, exhibits more axial symmetry
than the corresponding ones in the- 0.8 fm case. We con- D. Scattering out of the plane of motion:
clude that we have an example of two Skyrmions merging
into aB=2 axial-symmetric configuration. The angular mo- o o )
mentum remaining after the initial radiation burst is carried ~ The scattering in the last remaining channel, with groom-
by the rotation of the doughnut around thexis. The indi- ing around the direction of the impact parameter, shows the
vidual Skyrmions lose their identity early on and the move-most remarkable behavior of all. The Corresponding trajecto-
ment of the topological centers is always very close to theies are shown in Fig. 15. Recall that for zero impact param-
symmetry center. Periodically, they move out of theplane  eter, this grooming leads to right-angle scattering in a direc-
in the z direction. We interpret this as oscillations of the tion normal to the plane formed by the incident direction and
torus. We assume that eventually the kinetic energy and thine grooming axis. That direction is nawormalto the scat-

The attractive (2) channel

E - E 4 4

REP REP REP REP

v=0.5¢c 1 v=05¢ Al v=0.5¢ 1 v=05¢ 1 3

b=0.4 fm || b=0.41fm | b=0.4fm || b=0.4fm 1
- - | /&) 1
‘ ‘ ® ‘ i
- - - ®© I
. 4 . 4 2
B b k 4 -3

t=6.0 fm/c t=7.04 fm/c t=9.12 fm/c t=10.16 fm/c

1 1 1 1 1 1 1 1 I_ 1 1 1 1 1 1 1 1 I_ 1 1 1 1 1 1 1 1 I_ 1 1 1 1 1 1 1 1 I_ -4
- - - - 4 4

REP REP

v=0.5¢ . 9 v=05¢ . 1 3

b=0.4 fm b=0.4 fm 1
. . - 41
. . - 40
. 4 . 4 A
- - . 4 2
- - - 4 -3

t=11.2fm/c t=12.24 fm/c t=14.32 fm/c
Il 1 1 Il 1 1 1 1 I_ 1 1 1 1 1 1 1 1 I_ 1 1 I——I 1 1 1 1 I- 1 1 1 >I 1 1 1 Il I_ _4
4 3 2 -1t 0 1 2 3 4 4 3 2 -1 0 1 2 3 4 4 3 2 -1 0 1 2 3 4 4 3 2 -1 0 1 2 3 4

FIG. 13. Contour plots of the energy density in theplane for scattering in the repulsive channel with impact paranbet€).4 fm. The
spacing between the contours is 100 MeVfriThe first contour is at the 5 MeV/fievel so that the low-amplitude waves corresponding
to outgoing radiation can be observed. The length of both axes is measured in fermi. Note that the frames are not evenly spaced in time.
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the xy plane, Fig. 15. They disappear at the poirty=0,

with their final state trajectory along theaxis havingno
impact parameter, as it must not, by angular momentum con-
servation. Note that the slope of therajectory in Fig. 16 is
less than that of the trajectory, reflecting the energy carried
off by the radiation.

The energy contour plots shown in Fig. 17 show the Skyr-
mions coming together and attempting to form a doughnut
about a skewed axis in they plane and then flying apart in
thezdirection. Figure 18 shows the last two configurations at
higher resolution in energy. This reveals the radiation that
carries off the angular momentum in thg plane.

For the smallest nonzero impact parameter we investi-
gatedb=0.4 fm, there is meson field radiation left behind in

corresponding to the seventh frame in Fig. 13. The spacing betwedhl® Scattering plane that carries off the initial angular mo-
the contours here is 20 MeV/fin The first contour is at the Mentum. When we go to an impact parameter of 0.8 fm,
100 MeV/fn? . The length of both axes is measured in fermi. No- things change. The Cartesian coordinates fortthe0.8 fm
tice that the plot is slightly tilted to emphasize the height of thecase are shown in Fig. 19. As the Skyrmions meet there is
contours. some curvature and then an attempt at uniform motion along
zatx=y=0. Now there is too much angular momentum for

tering plane, which is the one that contains both the impacthe field to carry away. The Skyrmions try to go off normal
parameter and the incident momenta. Usually one says th& the scattering plane, but they have only a brief excursion
there cannot be scattering, for finite impact parameter, out ah that direction while the meson field is radiating. The Skyr-
the scattering plane by angular momentum conservatiormions then return to the scattering plane, but by now the
However, we have meson radiatigmostly pion but also field has taken off so much energy that they are bound and
somew) that can carry off angular momentum, albeit ineffi- they begin to orbit in thexy plane, alternating with excur-
ciently. sions in thez direction, of slowly decreasing amplitude.

For the impact parameter of 0.4 fm this is just what hap- In Fig. 15 we have truncated the trajectory of the
pens. This remarkable trajectory can be better understood by 0.8 fm case at the point where the Skyrmions first leave
studying the Cartesian components of the topological centhe xy plane. Presumably their final state would once again

ter's position as a function of time. We take thdirection as
the incident one, the impact parameter in yhdirection, and
the normal to the scattering plane in tkedirection. The
behavior ofx, y, andz as functions of time for the topologi-
cal center of each of the Skyrmions in the case bof

be the static torus. Between 0.4 fm and 0.8 fm there must be
a critical impact parameter dividing the cases of Skyrmions
that escape normal to the scattering plane and those that are
trapped in orbit in that plane. We are investigating this criti-
cal impact parameter and the nature of the solutions in its

=0.4 fm is shown in Fig. 16. The Skyrmions meet, interact,vicinity.

and then go off normal to the scattering plane in zttirec-

Energy contour plots for the=0.8 fm impact parameter

tion. Therefore they disappear from the plot of trajectories inare shown in Fig. 20. The first few frames are very similar to

1 T T T T T
ATR2 trajectories
0.5 E
v=05¢
b=0.0 fm, 0.4 fm, 0.8 fm, 1.6 fm, 2.8 fm
0 i
2
5]
=
©
5 -0.5 //\v _
Q
(8]
>
1+ 4
15 E
-2 1 1 1 1 1
-3 -2 -1 0 1 2 3
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FIG. 15. Paths of the topological centéirs the xy plane of one of the colliding Skyrmions in the attractive case with grooming around
the direction of the impact parameter. For the 0.8 fm case, the return of the trajectories to ¥yeplane is not shown. The axis points
to the right and the axis points upwards. The length of both axes is measured in fermi.
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I e turnaround and the subsequentirnaround come at no more

[ ] than 3.0 fm separation, as they must. At larger separation,
4 ATRZ2 . . .

b=04 fm the Skyrmions would be out of the effect.|ve force range and

not able to come back. When the Skyrmions return toxihe
R plane, they have lost so much energy that they are bound.
2 Lo . They begin to orbit, and then make another unsuccessful

i e 1 attempt to escape alormg As can be seen from the time
- 1 evolution plot, this sequence of orbiting of the topological
] centers in they plane alternating with excursions out of the
plane in thez direction continues for a long time. We inter-
pret this as follows. The two Skyrmions have essentially
merged into 8=2 configuration. The residual angular mo-
mentum forces the torus to rotate around thexis. The
remainder of the momentum with which the two Skyrmions

Coordinate [fm]

— X came into this configuratiofmore precisely, its component
"""" y ] pointing to the centgr while not enough to push the Skyr-
--- Z ] mions out in the perpendicular direction, results in oscilla-
. ; o |° e 1|5 — tions which deform the doughnut as illustrated in Fig. 22.
1

This central component of the momentum allows the Skyr-
mions to escape in the=0.4 fm and the central case.

FIG. 16. Time evolution of the three coordinates of the topo- e are not able to follow this cycle to completion, but
logical center of one of the two Skyrmions in the attractizz  believe that eventually the system will radiate enough energy
channel forb=0.4 fm. and angular momentum to settle into the static, axial-

symmetricB=2 torus, similarly to the small impact param-

eters for repulsive grooming discussed in the previous sec-
those in Fig. 17, showing the Skyrmions approaching, formtion. For impact parameters of 1.6 fm and 2.8 fm in this
ing a doughnut practically in thgz plane, and attempting to channel, the scattering is unremarkable by comparison, as is
escape in the direction. As we see in Fig. 21, there is seen in Fig. 15. For the largest impact parameter we notice
considerable radiation at this time as the field tries to carrghe medium-rangeepulsiveinteraction, just the opposite of
off the angular momentum. The field cannot, and the Skyrthe corresponding case in the repulsive grooming discussed
mions come back first alorgand then through the doughnut above. The two groomings are interchanged at the point
into the xy plane, avoiding the center. Note that both the where the centers cross the=0 plane.

Time [fm/c]

ATR2 1 ATR2 1 AtrRe 1 ATR2 14
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. . - 41
| | | 0 |
- . - 4 -
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FIG. 17. Contour plots of the energy density in thg plane (top row) and for the same times in thez plane (bottom row for the
attractive(2) channel with impact parametér=0.4 fm. The spacing between the contours is 100 MeV/ffihe first contour is at the
5 MeV/fm?® level. The length of both axes is measured in fermi. Note that the frames are not evenly spaced in time.
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ATR2 (xy plane) 1| ATR2 (yz plane) 1 ATR2 (xy plane) 1 ATR2 (yz plane) 1 4
v=0.5¢ 4| v=05¢ d v=05¢ 4 v=05¢ 1 3
b=0.4 fm b=0.4 fm b=0.4 fm ﬁ b=0.4fm /(775
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. . . 4 0
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FIG. 18. Contour plots of the energy density in theplane and for the same times in the plane for the last two moments shown in
Fig. 17[attractive(2) channelp=0.4 fm]. The spacing between the contours is 1 Me\Affrom the 1 MeV/fn? level to the 20 MeV/fm
level. The higher-energy surfaces are omitted. The purpose of this fine energy scale is to show the radiation.

V. CONCLUSION AND OUTLOOK parameter is small enough, the collision proceeds through a

The phenomenology of two Skyrmion scattering for vari- (sometimes deformeddoughnut configuration in the plane
normal to the grooming axis, even if the final state is not

ous groomings as it emerges from our qualitative study ma)é
be summarized as follows. In trabsence of groominghe ound. _ ) _
scattering process is almost elastic at the energy we consid- 1N€ cleanest example is tiatractive (1)channel, with
ered. The kinematics is similar to that of point particles in-the grooming axis normal to the plane of motion. For zero
teracting via a central repulsive interaction. This is to belMpact parameter it is well knowfi5] that a torus is formed
expected, since the interaction between two hedgehog cof? thexy plane, and the Skyrmions lose their identity and fly
figurations is central. We kno\8] that at higher velocities out at right angles with respect to the incident direction and
one expects to excite vibrational modes of the individualthe grooming axis. For a nonzero impact parameter, a de-
Skyrmions. We do see modest indications of that. formed torus still appears in they plane, and the scattering
The head-on collision in the repulsive channel is quasi-angle decreases continuously from 90°basacreases.
elastic, similar to the hedgehog-hedgehog processes. The re- In the repulsivecase(grooming around the direction of
maining collisions involving grooming of 180° can be di- motion, x), the torus is formed close to thye plane. As the
vided into two categories, depending on whether or not theéwo incident Skyrmions approach tlyeaxis (that of the im-
impact parameteb is small enough for the formation of the pact parametgr they find themselves in an attractive con-
B=2 (torus-shapedbound state. If the impact parameter is figuration, since they are now groomed around an &xis
large, the collisions are quasielastic with a weak attractive operpendicular to the ong) connecting them. They form the
repulsive character depending on the grooming. If the impacoughnut initially in the plane perpendicular to the grooming
axis. The configuration carries some of the initial angular
I L momentum by rotating around tlzeaxis. The Skyrmions do
i 1 not tend to exit in the perpendicular direction because they
2r ATR= ] came in with very little momenturm the plane of the torus.
b=0.8 fm In the attractive(1) and (2) cases, the initial momenta
have a large component pointing to the center of the torus.
These momenta are channeled into the perpendicular direc-
tion, always leading to scattering in the attract{¢gcase. In
the attractive (2)case, with grooming around the impact pa-
rameter directiory, the doughnut is formed close to the
plane. The 90° scattering would therefore happen inzhe
direction, but this is strongly limited by the necessity of
shedding the angular momentum aroundRadiation pro-
vides a mechanism for this, and for a small enough impact
parameter the Skyrmions can escape inzliérection. Oth-
erwise they go into a rotating doughnut configuration. In this
case, however, there is radiation and significant momentum
in the plane of the torus, which torus also exhibits quadru-
pole oscillations.
T T T T T e T e 0o While our investigation is by no means complete, we did
Time [fm/c] identify a S|gn|f|pant numb_er of dl_st_mct patterns for the out-
come of Skyrmion-Skyrmion collisions. One may define a
FIG. 19. Time evolution of the three coordinates of the topo-number of critical configurations which separate the different
logical center of one of the two Skyrmions. outcomes, even for fixed velocity. The picture might get

Coordinate [fm]
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FIG. 20. Contour plots of the energy density in the plane(top row) and in theyz plane(bottom row for scattering in the attractive
(2) channel with impact parametbr=0.8 fm. The spacing between the contours is 100 MeV/ffie first contour is at the 5 MeV/fin
level. The length of both axes is measured in fermi. Note that the frames are not evenly spaced in time.

even richer by sweeping a range of incident velocities. tive theories like the Skyrme model.

The calculations of Skyrmion-Skyrmion scattering re- The success of these calculations also gives us confidence
ported in the section above demonstrate two things. Firsthat the method can be carried over, with only simple
they show that the meson stabilizes the Skyrme model and changes, to the annihilation problem. In particular the stabil-
makes it numerically tractable out to long times and throughty of the calculations, thanks both to meson stabilization
complex dynamical situations. Second the calculation showand a number of numerical strategies, suggests that the anni-
a rich mix of phenomena. These include capture and orbithilation calculation will also be stable. For annihilation, me-
ing, radiation, and excursions out of the scattering planeson field(pion and omegaradiation in the final state is all
They arise naturally from the dynamics, and add to the richthere is and the fact that we clearly see radiation in the
and often surprising mix of results in the Skyrme model.Skyrmion-Skyrmion case is reassuring.

Some of these nontrivial dynamical features, in particular Our work here suggests a number of further avenues. We
capture leading to orbiting accompanied by emission of rahave already discussed annihilation. It would also be inter-
diation, have been demonstrated for baby Skyrmidrs. esting to explore the landscape of Skyrmion-Skyrmion scat-

Since this is a model of low-energy QCD at lafgg, the  tering as a function of energy as well as grooming and im-
new results give insight into aspects of QCD in the nonperpact parameter and also to examine more closely the
turbative long-wavelength or low-energy domain. This is abehavior of the model in the neighborhood of critical param-
region in which our best hope for insight comes from effec-eters where the scattering behavior changes abruptly. Also

FIG. 21. Contour plots of the energy density in sheplane and for the same times in theplane for two moments of the process shown

ATR2 (xy plane) 1 ATR2 (yz plane) 1 ATR2 (xy plane) A ATR2 (yz plane) 1 4

v=05¢ J v=05¢ 4 v=05c 3

b=0.8 fm b=0.8 fm

; - - 2

: : 1
. . 0
- - -1
- - 2
4 -3
- - - -4

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

in Fig. 20 [attractive (2) channel,b=0.8 fm]. The spacing between the contours is 1 Me\Afrfrom the 1 MeV/fni level to the

20 MeV/fn?® level.
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ATR2 (xy plane) 4l ATR2 (yz plane) 4| ATR2 (xy plane) 4l ATR2 (yz plane) 4 2
v=0.5¢ v=0.5¢ v=0.5¢ v=0.5¢
b=0.8 fm
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FIG. 22. Two snapshots from the late evolution of the two Skyrmion system in the attré@tisase, folh=0.8 fm. Thexy projections
show that the configuration is close to being aligned withyth&is. The correspondingz projections exhibit the “doughnut” structure. The
fact that the deformation is once in thelirection and once in thedirection indicates that besides spinning, the “doughnut” also oscillates.
The energy level contours here are at 20 MeV¥fstarting at 100 MeV/frfy and the view is slightly tilted.
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